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BIPARTITE GRAPHS AND THEIR DESSINS D’ENFANTS
RUBEN A. HIDALGO
Abstract. Each finite and connected bipartite graph induces a finite collection of non-isomorphic
dessins d’enfants, that is, 2-cell embeddings of it into some closed orientable surface. We describe
an algorithm to compute all these dessins d’enfants, together their automorphims group, monodromy
group and duality type.
1. Introduction
A dessin d’enfant, as introduced by Grothendieck in its Esquisse d’un Programme [11], is a
2-cell embedding of a finite (necessarilly connected) bipartite graph into some closed orientable
surface. Readers may consult, for instance [7, 16, 20, 24, 28, 29] and the references therein. As a
consequence of Belyi’s theorem [4], there is a correspondence between dessins d’enfants and non-
singular and irreducible projective algebraic curves defined over the field Q of algebraic numbers.
This provides a natural action of the absolute Galois group Gal(Q/Q) on dessins d’enfants, which
is known to be faithful [11, 7, 8, 24] (even faithful at the level of regular dessin d’enfants [10]).
Grothendieck pointed out that such an action should provide information on the internal structure
of Gal(Q/Q) codified in terms of simple combinatorial objects. Known Galois invariants of dessins
d’enfants are their passports, monodromy groups and group of automorphisms (see Section 2.4).
Another Galois invariants have been produced in [14] (exetnding Belyi maps). So far, there is not
known a complete set of Galois invariants, at least to the actual author’s knowledge. Recently, in
[9], it has been discussed another invariant called the duality type of the dessin: a dessin d’enfant is
dualizable if its faces can be labelled by signs + and −, so that adjacent faces have different label,
equivalently, the dual graph is bipartite (this notion was originally discussed by Zapponi in [9, 31]
for the case of clean dessins; he called them orientable ones).
In recent years there has been an interest on dessins d’enfants in the field of supersymmetric
gauge and conformal field theories [1, 2, 12, 3, 15] to mention some of the applications in theoretical
physics. In this way, it seems interesting searching for algorithms to provide examples of dessins
d’enfants, up to isomorphisms, together some of their Galois invariants.
By the definition, to each dessin d’enfant there is associated a finite and connected bipartite
graph. There examples of non-isomorphic dessins d’enfants with isomorphic associated bipartite
graphs (isomorphism as graphs but respecting colouring of vertices). In this paper, given a finite and
connected bipartite graph G, we provide an algorithm which permits to construct all non-isomorphic
dessins d’enfants, together their automorphims group, monodromy group and orientability type,
whose underlying bipartite graph is isomorphic to G. As an example, for the double-prism bipartite
graph shown in Figure 7 (see Example 4.5), our algorithm determines that there are 5946 non-
isomorphic dessins d’enfants; 2 of genus zero (bot are dualizable), 79 of genus one (only 22 of them
being dualizable), 1849 of genus two (only 121 of them being dualizable) and 4016 of genus three
(only 33 being dualizable). Two of these genus one non-isomorphic dessins d’enfants have the same
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passport (46; 212; 32, 42, 52) and isomorphic monodromy groups, one of them being chiral and the
other being reflexive; so they are not in the same Galois orbit.
The algorithm. Next, we proceed to describe the algorithm and the main procedure steps.
Input:
(I1) A finite and connected bipartite graph G with e ≥ 1 edges, α black vertices v1, . . . , vα and β
white vertices w1, . . . ,wβ.
(I2) The group GG of bipartite graph automorphisms of G (graph automorphisms preserving
vertices of a fixed colour).
Output:
(O) A maximal collection of non-isomorphic dessins d’enfants, whose subjacent bipartite graph
is isomorphic to G, together their monodromy group, automorphisms group and duality
type.
Prodedure:
(P1) Fix an enumeration of the e edges of G with numbers in the set {1, . . . , e} without repeating.
(P2) The above enumeration determines a natural injective homomorphism θ : GG → Se. One
may use the package “GRAPE” in GAP [6] in order to obtain the group of automorphisms of
the bipartite graph (at least for clean bipartite graphs); this must be done for the associated
edge-graph in order to obtain the action on the edges.
(P3) For each black vertex vi (respectively, white vertex w j) we consider the collection F
b
G,i
(respectively, F w
G, j
) of all possible cycles σi (respectively, τ j) of length equal to the degree
of such vertex in G using the numbers at all the edges adjacents to such a vertex. Set
FG = F
b
G
× F w
G
, where F b
G
is the collection of all the permutations σ = σ1 · · ·σα ∈ Se,
where σi ∈ F
b
G,i
, and F w
G
is the collection of all the permutations τ = τ1 · · · τβ ∈ Se, where
τ j ∈ F
w
G, j
.
(P4) Because of the connectivity of G, for each pair (σ, τ) ∈ FG, the group 〈σ, τ〉 is a transitive
subgroup of Se, so it defines a dessin d’enfant D(σ,τ) whose associated bipartite graph is G.
(P5) A natural action of GG on the set FG is given by
GG × FG → FG : (φ, (σ, τ)) 7→ φ · (σ, τ) :=
(
θ(φ)−1σθ(φ), θ(φ)−1τθ(φ)
)
.
The multiplication of permutations are from the left to the right as it is done in GAP [6].
(P6) As a consequence of Theorem 2 (see Section 3) we obtain the following facts.
(I) If D is a dessin d’enfant whose underlying bipartite graph is isomorphic to G, then it
is isomorphic toD(σ,τ) for a suitable (σ, τ) ∈ FG.
(II) Two pairs in FG define isomorphic dessins d’enfant if and only if they belong to the
same GG-orbit.
(III) The group of automorphism of the dessin d’enfant D(σ,τ), where (σ, τ) ∈ FG is naturally
isomorphic to the GG-stabilizer of (σ, τ).
(IV) D(σ,τ) is dualizable if and only if there exists a homomorphism ρ : M = 〈σ, τ〉 → Z2 so
that ρ(σ) = ρ(τ) = −1 and StabM(1) < ker(ρ) [9].
2. Preliminaries and notations
2.1. Graphs and their automorphisms. Let us consider a finite graph G = (V, E, ε), where V and
E are the finite sets of its vertices and edges, together its incident map ε : E → (V × V)/S2: if
ε(e) = (v1, v2), then e and the vertices v1 and v2 are incident (if v1 = v2, then e is a loop). The degree
of v ∈ V is
degG(v) = 2|ε
−1(v, v)| +
∑
w∈V,v,w
|ε−1(v,w)|.
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In this paper we will only consider those finite graphs which are connected that is, for every pair
of vertices v1, v2 ∈ V there is (finite) collection of edges e1, . . . , en ∈ E so that e1 and v1 are incident,
en and v2 are incident and ei with ei+1 are both incident to a common vertex.
An isomorphism of the graphs G1 = (V1, E1, ε1) and G2 = (V2, E2, ε2) is a pair φ = (φ1, φ2),
where φ1 : V1 → V2 and φ2 : E1 → E2 are bijective functions respecting the incident maps, i.e.,
[(φ1, φ1)] ◦ ε1 = ε2 ◦ φ2,
where [(φ1, φ1)] is the induced map by (φ1, φ1) : V1 × V1 → V2 × V2. In the case G1 = G2 = G, the
isomorphism is a graph-automorphism of G; we denote by ĜG its group of graph automorphisms.
If we enumerate the e edges of the graph G with numbers in {1, . . . , e} (without repeating), then
to each automorphism T ∈ ĜG there is associated a permutation θ(T ) ∈ Se (the symmetric group);
providing in this way a natural homomorphism θ : ĜG → Se. Let us observe that for a non-trivial
graph automorphism T it might be that θ(T ) is the identity. In [21] it was seen that such a pathology
only happens for an special graph, i.t., a graph having exactly two vertices and without loops (see
Figure 1). So, if the graph is not special, then the homomorphism θ is injective.
Figure 1. Special graphs: two vertices and n ≥ 1 edges
2.2. Bipartite graphs. A bipartite graph is a graph together a colouring of its vertices using two
colours, black and white, so that adjacent vertices have different colours. The passport of a bipartite
graph G is the tuple (a1, . . . , aα; b1, . . . , bβ), where
a1 ≤ a2 ≤ · · · ≤ aα are the degrees of the black vertices,
b1 ≤ b2 ≤ · · · ≤ bβ are the degrees of the white vertices.
Let us note that, if e is the number of edges of the bipartite graph, then
e = a1 + · · · + aα = b1 + · · · + bβ.
If b1 = · · · = bβ = 2, then the bipartite graph is called clean.
An element of ĜG either (i) keeps invariant the vertices of a fixed color or (ii) it interchanges the
black vertices with the white vertices. We will denote by GG the subgroup of ĜG of those auto-
morphisms which sends black (respectively, white) vertices to black (respectively, white) vertices;
its elements are called automorphisms of the bipartite graph G. In most of the cases ĜG = GG;
otherwise [ĜG : GG] = 2 (in this case, the elements in ĜG − GG permutes the white vertices with
the black ones). We have that the restriction θ : GG → Se is then an injective homomorphism.
Remark 1. If G is a finite and connected graph, thn we may consider the clean bipartite graph Gclean
obtained by colouring all vertices of G in black and then taking a white vertex in the interior of each
of its edges. We may observe that ĜGclean = GGclean if at least one of the vertices of G has degree at
least three. As every graph automorphism of G induces a bipartite graph automorphism of Gclean,
there is an embedding χ : ĜG ֒→ GGclean; which is surjective if and only if the graph G has no loops.
In particular, if G has no loops and at least one of its vertices has degree at least three, then GGclean is
naturally isomorphic to ĜG. In the case when G has loops, each loop e provides an extra involution
φe ∈ GGclean that permutes both edges of G
clean contained in e and acts as the identity on all other
4 RUBEN A. HIDALGO
edges. The group generated by χ(ĜG) and all the involutions φe (where e runs over all lops of G)
generates the group GGclean .
2.3. Dessins d’enfants: their passports, monodromy groups and group of automorphisms.
Next, we will recall some definitions and facts about dessins d’enfants (the reader may look, for
instance, at [7, 16, 20, 24, 28, 29]).
2.3.1. 2-cell embeddings. An embedding (or a drawing) of a graph G = (V, E, ε) on a closed ori-
entable surface X, denoted this by the symbol ι : G ֒→ X, is a pair of injective functions ι1 : V → X
and ι2 : E → X, so that ι2(e) is a an arc homeomorphic to the unit open interval, ι2(e1) ∩ ι2(e2) = ∅
for e1 , e2, ι1(v) ∩ ι2(e) = ∅ (for every v ∈ V and every e ∈ E), if v ∈ V is incident to e, then ι1(v)
belong to one extreme of ι2(e) and every extreme of ι2(e) belongs to ι1(V). The embedding is called
a 2-cell embedding if each connected component of X − (ι1(V) ∪ ι2(E)) is simply-connected, called
the faces of the embedding. This last condition ensures that G must be connected.
Remark 2. A 2-cell embedding ι : G ֒→ X induces a natural 2-cell embedding ι : Gclean ֒→ X. In
this way, the study of 2-cell embedding of finite and connected graphs on closed orientable surfaces
is, in some way, equivalent to the study of 2-cell embeddings of clean bipartite graphs.
2.3.2. Dessins d’enfants. A dessin d’enfant, as defined by Grothendieck in [11], is a triple D =
(X,G, ι), where X is a closed orientable surface, G is a finite bipartite graph (vertices are coloured
in black and white) and ι : G ֒→ X is a 2-cell embedding. Each face of the 2-cell embedding
is called a face of the dessin. The genus of D is the genus of X. A face of D is topologically a
polygon of 2r sides, where r ≥ 1; we say that that face has degree r. The passport ofD is the tuple
(a1, . . . , aα; b1, . . . , bβ; c1, . . . , cγ), where
a1 ≤ a2 ≤ · · · ≤ aα are the degrees of the black vertices,
b1 ≤ b2 ≤ · · · ≤ bβ are the degrees of the white vertices,
c1 ≤ c2 ≤ · · · ≤ cγ are the degrees of the faces.
Remark 3. Note that the tuple (a1, . . . , aα; b1, . . . , bβ) is the passport of the underlying bipartite
graph G. If e is the number of edges of the dessin d’enfant, then
e = a1 + · · · + aα = b1 + · · · + bβ = c1 + · · · + cγ,
and, as a consequence of Euler’s formula, the genus of X is
g = 1 +
1
2
(e − α − β − γ) .
2.3.3. The monodromy group. Let D = (X,G, ι) be a dessin d’enfant and let us denote the black
(respectively, white) vertices of G as v1, . . . , vα (respectively, w1, . . . ,wβ). Let us label the edges of
Gwith numbers in {1, . . . , e}without repeating. For each black (respectively, white) vertex we chose
a cyclic permutation of the edges at the ι-image of that vertex in counterclockwise order (here we
are using the orientation of X). We then consider, inSe, the permutation σ (respectively, τ) obtained
as the product of all these cyclic permutations at black (respectively, white) vertices. The subgroup
〈σ, τ〉 ofSe, which is a transitive subgroup by the connectivity of G, is called the monodromy group
of D. By the construction, the number of disjoint cycles of σ (respectively, τ) is α (respectively, β)
and the number γ of faces is equal to the number of disjoint cycles of τσ. The integers a1, . . . , aα
are the lengths of the cycles of σ, the integers b1, . . . , bβ are the lengths of the cycles of τ and the
integers c1 . . . , cγ are the lengths of the cycles of τσ.
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Remark 4. If σ, τ ∈ Se are so that M = 〈σ, τ〉 is a transitive subgroup, then M is the monodromy of
some dessin d’enfant with e edges. Such a dessin d’enfant is constructed so that the disjoint cycles
of σ correspond to the black vertices, the disjoint cycles of τ correspond to the white vertices and
the disjoint cycles of τσ corresponds to the faces.
2.3.4. Isomorphisms between dessins d’enfants. Two dessins d’enfants D1 = (X,G = (V, E, ε), ι =
(ι1, ι2)) and D2 = (X̂, Ĝ = (V̂ , Ê, ε̂), ι̂ = (̂ι1, ι̂2)) are called isomorphic (respectively, non-orientable-
isomorphic) if there is an orientation-preserving (respectively, orientation-reversing) homeomor-
phism H : X → X̂ and an isomorphism of bipartite graphs φ = (φ1, φ2) : G1 → G2 (i.e., φ1 sends
black (respectively, white) vertices to black (respectively, white) vertices, so that ι̂1 ◦ φ1 = H ◦ ι1
and ι̂2 ◦ φ2 = H ◦ ι2. We say that the pair (H, φ), or just H if it is clear in the context, is an iso-
morphism (respectively, non-orientable isomorphism) of the above two dessins d’enfants. In terms
of the monodromy groups, the isomorphism of the dessins d’enfants D1 and D2 (with the same
number e of edges) can be stated as follows. Let us enumerate the edges of each dessin and consider
the corresponding monodromy groups 〈σ1, τ1〉 and 〈σ2, τ2〉. ThenD1 andD2 are isomorphic if and
only if there is a permutation η ∈ Se so that ησ1η
−1 = σ2 and ητ1η
−1 = τ2 (see, for instance, [7]).
Two dessins are called chirals if they are non-orientable isomorphic but they are not isomorphic.
Remark 5. Observe that the passport of (orientable or non-orientable) isomorphic dessins d’enfants
is the same. There known examples of non-isomorphic dessins d’enfant with the same passport and
of non-isomorphic dessins d’enfants (with same number of edges e) with the same monodromy
group (this happens since we may have 〈σ1, τ1〉 = 〈σ2, τ2〉).
2.3.5. Automorphisms of dessins d’enfants. An automorphism of a dessin d’enfant D = (X,G, ι) is
given by any self-isomorphism (H, φ) of it (in this definition, H may or not preserve the orientation
of X). The group of automorphisms of D is denoted by the symbol Aut(D).
There is a subgroup (of index at most two) Aut+(D), called its group of orientation-preserving au-
tomorphisms, which corresponds to those self-isomorphisms (H, φ) whereH is orientation-preserving.
In most of the cases we have that Aut+(D) = Aut(D) (the dessin has no orientation-reversing auto-
morphisms). A dessin d’enfant admitting an orientation-reversing automorphism is called reflexive.
There is a natural homomorphism ρ : Aut(D) → GG (which is injective if the graph cannot be
embedded in a circle); its restriction ρ : Aut+(D) → GG is always injective.
Remark 6. (1) A labelling of the e edges of G, as before, provides (i) a monodromy group M =
〈σ, τ〉 < Se of D and (ii) an injective homomorphism θ : GG → Se. It can be seen that the
isomorphic image θ(ρ(Aut+(D)) is the centralizer of M. (2) The group 〈σ−1, τ−1〉 is the monodromy
group of some dessin d’enfantD; called the conjugated dessin ofD. The Riemann surface structure
on X defined by D is the conjugated of that defined by D. These two conjugated dessins are
isomorphic if and only if D admits an anticonformal automorphism (i.e., if the dessin is reflexive);
otherwise, D and D is a chiral pair.
2.4. Galois actions on dessins d’enfants. A Belyi pair is a pair (S ,B), where S is a closed Rie-
mann surface and B : S → Ĉ is a non-constant meromorphic map whose branch values are con-
tained in the set {∞, 0, 1}; in this case, S is a Belyi curve and that B is a Belyi map for S . As
consequence of Weil’s descent theorem [26], every Belyi pair can be defined over the field Q of
algebraic numbers. On the other direction, Belyi’s theorem [4] asserts that if S is a closed Rie-
mann surface which can be defined by an algebraic curve over Q, then S is a Belyi curve (and
its has a Belyi map defined over Q). In particular, there is a natural action of the absolute Galois
group Gal(Q/Q) on Belyi pairs which is known to be faithfull; in genus one this was observed by
Grothendieck, in genus zero by Schneps [24], in hyperelliptic Belyi pairs by Gonza´lez-Diez and
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Girondo [7, 8] and in the non-hyperelliptic case in [13]. It is well known that there is a bijective
correspondence between the equivalence classes of the following objects (see e.g [7, 11, 17])
(1) Dessins d’enfants D = (X,G, ι) with e edges;
(2) Belyi pairs (S ,B) of degree e;
(3) Subgroups Γ of index e of triangle groups ∆(l,m, n) = 〈x, y : xl = ym = (yx)n = 1〉;
(4) Pairs of permutations σ, τ ∈ Se generating transitive subgroups M = 〈σ, τ〉 of Se.
The link between these four classes of objects is made as follows. Given a Belyi pair (S ,B) one
gets a dessin d’enfant by setting X = S , G = B−1([0, 1]) and black (respectively, white) vertices are
provided by B−1(0) (respectively, B−1(1). A Fuchsian group Γ as in (3) defines a Belyi function B
by simply considering the natural projection H2/Γ→ H2/∆(l,m, n). Finally, two permutations σ, τ,
of orders l and m as in (4), with n = ord(τσ), give rise to a Fuchsian group Γ as in (3) by considering
the epimorphism ω : ∆(l,m, n) → Se obtained by sending the generators x, y of ∆(l,m, n) to σ and τ,
respectively, and setting Γ = ω−1(StabM(1)). We use freely this correspondence and we will speak
of the Belyi pair, the Fuchsian group and the permutation representation (or monodromy group)
defining (or associated to) a dessin D.
As a consequence of the previous correspondence, there is a faithful action of Gal(Q/Q) on the
collection of dessins d’enfants. If D is a dessin d ’enfant and σ ∈ Gal(Q/Q), then Dσ will denote
the image of the dessin d’enfant D by the action of σ. The following properties of the dessin
d’enfant are invariant under the action of the absolute Galois group [7]: (1) the number of edges,
(2) the passport, (3) the genus, (4) the monodromy group and (5) the group of automorphisms.
Remark 7. A consequence, the passport of the underlying bipartite graph is also kept invariant
under the action of the absolute Galois group; but not necessarily the isomorphism type of the
graph.
Unfortunately, the above Galois-invariants are not in general enough to decide if two dessins
d’enfants belong to the same Galois orbit (examples can be found in [7]). Another Galois invariants
have been produced in [14].
A dessin d’enfant D = (X,G, ι) is called dualizable if we may paint its faces in two different
colours so that adjacent faces have different colours; equivalently, the dual graph defines also a
dessin d’enfant on X. In [9] it has been shown that duality type of the dessin is another Galois
invariant of a dessin d’enfant.
Theorem 1 ([9]). Let D = (X,G, ι) be a dessin d’enfant with monodromy group M = 〈σ, τ〉. Then
D is dualizable if and only if there exists a homomorphism ρ : M → Z2 so that ρ(σ) = ρ(τ) = −1
and StabM(1) < ker(ρ).
Remark 8. If M = Se, for e ≥ 3, as there is a unique surjective homomorphism ρ : Se → Z2 (its
kernel being the alternating group Ae), then the duality type of the dessin d’enfant is equivalent to
have σ, τ ∈ Se −Ae and StabM(1) < Ae
2.4.1. Field of moduli and field of definition. The field of moduli of a dessin d’enfant D is the fixed
field of the subgroup of Gal(Q/Q) formed of those field automorphisms σ so thatDσ is isomorphic
toD. A field of definition of a dessin d’enfant is a subfield K of C so that there is a Belyi pair defined
over K defining the dessin. It is well known that every field of definition of a dessin contains its field
of moduli and that the intersection of all of the fields of definitions is exactly the field of moduli
[19] (at this point observe that this last fact will be in general false if we only consider fields of
definitions inside Q).
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3. Dessins d’enfants defined by a bipartite graph
In this section we proceed to describe the theoretical bases for our algorithm (see Theorem 2)
which permits to obtain, up to isomorphisms, those dessins d’enfants having the same underlying
bipartite graph.
3.1. The starting data. Let G be a (connected and finite) bipartite graph, whose black (respec-
tively, white) vertices are v1, . . . , vα (respectively, w1, . . . ,wβ) and let GG be its bipartite graph auto-
morphisms. Let us fix a labelling of the e edges of G with numbers in {1, . . . , e} without repetitions.
As seen in Section 2.1, this enumeration provides an injective homomorphism θ : GG → Se.
3.2. The collection FG. For each black vertex vi (respectively, white vertex w j) we consider the
collection F b
G,i
(respectively, F w
G, j
) of all possible cycles σi (respectively, τ j) of length equal to the
degree dvi (respectively, dw j ) using all the labels at the edges at such a vertex. Clearly, #(F
b
G,i
) =
(degG(vi) − 1)! and #(F
w
G, j
) = (degG(w j) − 1)!. Let F
b
G
(respectively, F w
G
) be the collection of all
the permutations σ = σ1 · · ·σα ∈ Se, where σi ∈ F
b
G,i
(respectively, τ = τ1 · · · τβ ∈ Se, where
τ j ∈ F
w
G, j
). Set FG = F
b
G
× F w
G
, whose cardinality is
(∗) N(G) = #FG =

α∏
j=1
(degG(b j) − 1)!


β∏
j=1
(degG(w j) − 1)!

The connectivity of G asserts that, for each (σ, τ) ∈ FG, the subgroup 〈σ, τ〉 of Se is transitive; so
it is the monodromy group of a dessin d’enfantD(σ,τ), whose underlying bipartite graph is G. Let us
observe that every dessin d’enfant whose underlying graph is isomorphic to G must be isomorphic
to one of the dessins d’enfants defined by an element of FG.
Remark 9 (Clean bipartite graphs). If Gclean is the clean bipartite graph associated to a finite and
connected graph G, then in the definition of the collection FGclean we may only consider the first
coordinate σ’s as the second one τ is uniquely determined.
3.3. Action of the groupGG on the collection FG. If (σ, τ) ∈ FG and φ ∈ GG, then (as φ preserves
the colours and incidences of edges)
(
θ(φ)−1σθ(φ), θ(φ)−1τθ(φ)
)
∈ FG. This provides a natural
action of GG over the collection FG.
Theorem 2. (1) Two pairs in FG define isomorphic dessins d’enfants if and only if they belong
to the same θ(GG)-orbit. In particular, the cardinality of the quotient set FG/θ(GG) is equal
to the number of different isomorphic dessins d’enfant having G as underlying bipartite
graph.
(2) The θ(GG)-stabilizer of the dessin d’enfantD whose monodromy group is 〈σ, τ〉, for (σ, τ) ∈
FG, is equal to θ(ρ(Aut
+(D))) and it is the group of automorphisms of it.
Proof. Let (σ1, τ1), (σ2, τ2) ∈ FG and let the corresponding dessins d’enfants be (X1,G, ι1) and
(X2,G, ι2). If these are isomorphic dessins d’enfant, then there is an orientation-preserving home-
omorphism F : X1 → X2 and an automorphism φ = (φ1, φ2) of G (as a bipartite graph) so that
ι2 ◦φ = H ◦ ι1. Conversely, let us assume there is an automorphism φ of the bipartite graph G so that
θ(φ) conjugates σ1 to σ2 and τ1 to τ2. Then it also conjugates τ1σ1 to τ2σ2. This permits to con-
struct a an orientation-preserving homeomorphism H : X1 → X2 so that (H, φ) is an automorphism
of G. This provides part (1). Part (2) is consequence of part (1). 
Remark 10 (Chirality/reflexivity). Let (σ1, τ1), (σ2, τ2) ∈ FG and let us assume that (σ
−1
2
, τ−1
2
)
belongs to the GG-orbit of (σ1, τ1). Then the following holds.
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(1) If (σ1, τ1) and (σ2, τ2) belong to different orbits (i.e. they are non-isomorphic dessins), then
D(σ1,τ1) and D(σ2 ,τ2) form a chiral pair.
(2) If (σ1, τ1) and (σ2, τ2) belong to the same orbit (i.e. they are isomorphic dessins), then
D(σ1,τ1) is reflexive.
Corollary 1. If G is a bipartite graph with trivial group of automorphisms (as bipartite graph), then
the number of different isomorphic dessins d’enfant admitting G as its bipartite graph is N(G).
Remark 11 (OnWilson’s operations). In [27] there were defined the Wilson’s operations on dessins
d’enfants. These operations are defined as follows. Let fix r, s be positive integers so that r (respec-
tively, s) is co-prime to all degrees of black (respectively, white) vertices of the bipartite graph G.
The Wilson’s operation H(r, s) : FG → FG is defined by sending (σ, τ) ∈ FG to the new pair
(σr,s, τr,s) ∈ FG where σr,s = σ
r and τr,s = τ
s. A graph theoretic characterization of certain quasi-
platonic curves defined over cyclotomic fields, based on Wilson’s operations on maps, is developed
in [18]
3.4. A remark on the graph genus. Let G be a finite and connected graph. The graph genus µ(G)
ofG is the minimal genus of a closed orientable surface on which there is an embedding ofG. In [30]
it has been seen that such a minimal genus embedding is in fact a 2-cell embedding with a maximal
number of faces. The determination of µ(G) seems to be a difficult task, but in the same paper an
algorithm to determine it was obtained (claimed that such an algorithm is lengthy). It is known
that the problem of finding the graph genus is NP-hard and the problem of determining whether
an n-vertex graph has genus g is NP-complete [25]. For some types of graphs (vertex transitive
ones) some information is known; for instance, µ(Cn) = 0, µ(Kn) = ⌈(n − 3)(n − 4)/12⌉ (see, [23]),
µ(Kn,n) = ⌈(n − 2)
2/4⌉ (see, [22]). Our algorithm can be used to compute µ(G) as follows. Assume
the number of edges of the graph is e and the number of its vertices is α. We consider its associated
clean bipartite graph Gclean, an enumeration of its 2e edges and the corresponding collection FGclean .
As there is only one possible permutation τ (this being a product of transpositions), we may just
consider only the permutations σ. Now, for each σ, we consider the product permutation τσ and
we let γ be the number of its disjoint cycles. If γmax is the maximal possible value of γ, then the
minimal genus of G is
µ(G) = 1 + e − (α + γmax)/2.
Similarly, if we let γmin be the minimal value for γ, then the maximal 2-cell embedding genus of G
is
ν(G) = 1 + e − (α + γmin)/2.
4. Examples: some classical bipartite graphs
In this section, we consider some well known bipartite graphs and we use our algorithm to
compute the number of corresponding non-isomorphic dessins d’enfants together their monodromy
group, automorphism group and duality type.
4.1. Example 1. Let A4 be the clean bipartite graph obtained from the one skeleton of the tetrahedra
(its vertices being the black vertices and as white vertices we use a middle point of each side; see
Figure 2). In this case e = 12, α = 4 and β = 6. In [8] two non-isomorphic dessins d’enfants (one of
genus zero and the other of genus one) admitting A4 as bipartite graph were provided. Our algorithm
permits to see that there are exactly three non-isomorphic dessins d’enfants with such property; the
missing one has also genus one. In this case, GA4  S4 and θ(GA4) = 〈η1, η2, η3〉, where
η1 = (1, 2, 3)(4, 5, 6)(7, 8, 9)(10, 11, 12), η2 = (1, 4)(8, 11)(5, 9)(2, 12)(3, 7)(6, 10),
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Figure 2. Bipartite graph with passport (34; 26)
η3 = (2, 8, 9, 4)(5, 11, 12, 1)(3, 10, 6, 7).
The set FA4 has 16 elements and FA4/θ(GA4) has three elements, these are represented by the
pairs (σ1, τ), (σ2, τ), (σ3, τ), where
τ = (1, 4)(2, 5)(3, 6)(7, 10)(8, 11)(9, 12), σ1 = (1, 2, 3)(4, 7, 12)(5, 8, 10)(6, 9, 11),
σ2 = (1, 2, 3)(4, 7, 12)(5, 8, 10)(6, 11, 9), σ3 = (1, 2, 3)(4, 12, 7)(5, 10, 8)(6, 11, 9),
that is, there are exactly three non-isomorphic dessins d’enfant with A4 as bipartite graph. The
GA4-orbit of (σ1, τ) has length 8, the one of (σ2, τ) has length 6 and the one of (σ3, τ) has length 2.
The dessin d’enfant defined by the pair (σ1, τ) has genus g = 1, its monodromy group is isomor-
phic to ((Z3 × (Z
2
3
⋊ Z2)) ⋊ Z2) ⋊ Z3 and its group of automorphisms is isomorphic to Z3 (see the
left in Figure 3). The dessin d’enfant defined by the pair (σ2, τ) has genus g = 1, its monodromy
group is isomorphic to (Z2
4
⋊ Z3) ⋊ Z2 and its group of automorphisms is isomorphic to D4 (the
dihedral group of order 8) (see the right in Figure 3). The dessin d’enfant defined by the pair (σ3, τ)
has genus g = 0, is regular and its monodromy group (isomorphic to the group of automorphisms)
is isomorphic to A4. All these three dessins are reflexive ones and are not dualizable (as there are
vertices of odd degree).
3
1
1
2
2
3
2
1
1
2
Figure 3. Dessins d’enfants of genus g = 1 with A4 as bipartite graph
4.2. Example 2. Let Kclean
3,3
be the clean bipartite graph associated to K3,3 (its black vertices are the
vertices of K3,3 and the white vertices are given at middle points of all of the edges), so e = 18,
α = 6 and β = 9. In this case, GKclean
3,3
 S
2
3
⋊ Z2 and θ(GA4) = 〈η1, η2, η3〉, where
η1 = (1, 4, 7)(2, 5, 8)(3, 6, 9)(12, 11, 10)(15, 14, 13)(18, 17, 16),
η2 = (1, 12)(2, 11)(3, 10)(4, 15)(5, 14)(6, 13)(7, 18)(9, 16)(8, 17),
η3 = (1, 4)(2, 5)(3, 6)(12, 11)(15, 14)(18, 17).
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The set FKclean
3,3
has 64 elements and FKclean
3,3
/θ(GKclean
3,3
) has three elements, these are represented by
the pairs (σ1, τ), (σ2, τ), (σ3, τ), where
τ = (1, 12)(2, 15)(3, 18)(4, 11)(5, 14)(6, 17)(9, 16)(7, 10)(8, 13),
σ1 = (1, 2, 3)(4, 5, 6)(7, 8, 9)(10, 11, 12)(13, 14, 15)(16, 17, 18),
σ2 = (1, 2, 3)(4, 5, 6)(7, 8, 9)(10, 11, 12)(13, 14, 15)(16, 18, 17),
σ3 = (1, 2, 3)(4, 5, 6)(7, 9, 8)(10, 11, 12)(13, 14, 15)(16, 18, 17),
so, there are exactly three non-isomorphic dessins d’enfant with Kclean
3,3
as bipartite graph (i.e., there
exactly three topologically types of embedding the graph K3,3 in an orientable closed surface as a
map). TheGKclean
3,3
-orbit of (σ1, τ) has length 4, the one of (σ2, τ) has length 24 and the one of (σ3, τ)
has length 36. The dessin d’enfant defined by the pair (σ1, τ) has genus g = 1, is regular and its
monodromy group (isomorphic to the group of automorphisms) is isomorphic to Z3 × S3. This
regular dessin d’enfant is defined over the Fermat curve x3 + y3 + z3 = 0; the factor Z3 is generated
by the automorphism a[x : y : z] := [x : y : ω3z] and the factor S3 is generated by the involution
b[x : y : z :] = [y : x : z] and the order three automorphism c[x : y : z :] = [ω3x : ω
2
3
y : z],
where ω3 = e
2πi/3. The dessin d’enfant defined by the pair (σ2, τ) has genus g = 2, its monodromy
group is isomorphic to ((Z3 × (Z
2
3
⋊ Z3) ⋊ Z3) ⋊ Z2 and its group of automorphisms is isomorphic to
Z3. This corresponds to the genus two Riemann surface defined by y
3 = (x − 1)(x2 + x + 1)2. The
dessin d’enfant defined by the pair (σ3, τ) has genus g = 1, its monodromy group is isomorphic to
S9 and its group of automorphisms is isomorphic to Z2. All the above dessins are reflexive and are
not dualizable (as there are vertices of odd degree).
4.3. Example 3: Frucht’s graph. The first example of a finite and connected graph F with trivial
group of automorphisms was provided by R. Frucht in [5] (see Figure 4). The associated clean
bipartite graph Fclean is shown in Figure 5. In this case, e = 36, α = 12 and β = 18, the set FFclean
has cardinality 212 and its elements represent the non-isomorphic dessins d’enfants admitting the
bipartite graph Fclean. The elements of FFclean are given by the pairs (σ j, τ), where
τ = (1, 20)(2, 4)(5, 7)(8, 10)(11, 13)(14, 16)(17, 19)(3, 22)(6, 23)·
·(9, 29)(12, 32)(15, 33)(18, 34)(21, 35)(24, 25)(26, 28)(27, 36)(30, 31)
and the 212 σ′
j
s are of the form
(1, 2, 3)±1(4, 5, 6)±1(7, 8, 9)±1(10, 11, 12)±1(13, 14, 15)±1(16, 17, 18)±1(19, 20, 21)±1·
·(22, 23, 24)±1(25, 26, 27)±1(28, 29, 30)±1(31, 32, 33)±1(34, 35, 36)±1 .
Figure 4. Frucht’s graph F
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Figure 5. The clean bipartite graph Fclean associated to Frucht’s graph
The genus formula g = 1+ (6−γ)/2, where γ denotes the number of faces of the dessin d’enfant,
ensures that the possible genus are g ∈ {0, 1, 2, 3}. It is easy to see that g = 0 is possible (Figure 5
shows a dessin d’enfant of genus zero); this is provided with
σ0 = (1, 2, 3)(4, 5, 6)(7, 8, 9)(10, 11, 12)(13, 14, 15)(16, 17, 18)(19, 20, 21)·
·(22, 23, 24)(25, 26, 27)(28, 29, 30)(31, 32, 33)(34, 35, 36)
and the eight faces correspond to cycles of
τσ0 = (1, 21, 36, 25, 22)(2, 5, 8, 11, 14, 17, 20)(3, 23, 4)(6, 24, 26, 29, 7)·
·(9, 30, 32, 10)(12, 33, 13)(15, 31, 28, 27, 34, 16)(18, 35, 19).
A dessin of genus one is provided by
σ1 = (1, 2, 3)(4, 5, 6)(7, 8, 9)(10, 11, 12)(13, 14, 15)(16, 17, 18)(19, 20, 21)(22, 23, 24)·
·(25, 26, 27)(28, 29, 30)(31, 32, 33)(34, 36, 35)
in which case we have six faces and
τσ1 = (1, 21, 34, 16, 15, 31, 28, 27, 35, 19, 18, 36, 25, 22)(2, 5, 8, 11, 14, 17, 20)·
·(3, 23, 4)(6, 24, 26, 29, 7)(9, 30, 32, 10)(12, 33, 13).
A dessin of genus two is provided by
σ2 = (1, 2, 3)(4, 5, 6)(7, 8, 9)(10, 11, 12)(13, 14, 15)(16, 17, 18)(19, 20, 21)(22, 23, 24)·
·(25, 26, 27)(28, 29, 30)(31, 33, 32)(34, 36, 35)
in which case we have four faces and
τσ2 = (1, 21, 34, 16, 15, 32, 10, 9, 30, 33, 13, 12, 31, 28, 27, 35, 19, 18, 36, 25, 22)·
·(2, 5, 8, 11, 14, 17, 20)(3, 23, 4)(6, 24, 26, 29, 7).
A dessin of genus three is provided by
σ3 = (1, 2, 3)(4, 5, 6)(7, 8, 9)(10, 11, 12)(13, 14, 15)(16, 17, 18)(19, 21, 20)(22, 24, 23)·
·(25, 26, 27)(28, 29, 30)(31, 33, 32)(34, 35, 36)
in which case we have two faces and
τσ3 = (1, 19, 18, 35, 20, 2, 5, 8, 11, 14, 17, 21, 36, 25, 23, 4, 3, 24, 26, 29, 7, 6, 22)·
·(9, 30, 33, 13, 12, 31, 28, 27, 34, 16, 15, 32, 10).
All the above dessins are reflexive and are not dualizable (as there are vertices of odd degree).
12 RUBEN A. HIDALGO
4.4. Example 4: The graph K5. Let K
clean
5
be the clean bipartite graph associated to the complete
graph K5 (see Figure 6). With the given enumeration of the edges we have
τ = (1, 8)(5, 12)(9, 16)(13, 20)(4, 17)(2, 11)(7, 18)(10, 19)(3, 14)(6, 15)
and there are 7776 choices for σ. In this case, GKclean
5
 S5 and θ(GKclean
5
) = 〈η1, η2〉, where
η1 = (1, 8)(2, 5)(11, 12)(3, 6)(14, 15)(4, 7)(17, 18),
η2 = (1, 5, 9, 13, 17)(8, 12, 16, 20, 4)(2, 6, 10, 14, 18)(11, 15, 19, 3, 7).
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Figure 6. The clean bipartite graph Kclean
5
The set FKclean
5
/θ(GKclean
5
) has 78 elements, that is, there are exactly 78 non-isomorphic dessins
d’enfant whose bipartite graph is Kclean
5
. Between these 78 dessins d’enfants, there are exactly nine
of genus g = 1; these are given by the following choices for σ:
σ1 = (1, 2, 3, 4)(5, 6, 7, 8)(9, 11, 12, 10)(13, 14, 16, 15)(17, 20, 18, 19)
σ2 = (1, 2, 3, 4)(5, 6, 7, 8)(9, 11, 12, 10)(13, 15, 14, 16)(17, 18, 20, 19)
σ3 = (1, 2, 3, 4)(5, 6, 7, 8)(9, 11, 10, 12)(13, 14, 16, 15)(17, 20, 19, 18)
σ4 = (1, 2, 3, 4)(5, 6, 7, 8)(9, 11, 10, 12)(13, 15, 14, 16)(17, 19, 18, 20)
σ5 = (1, 2, 3, 4)(5, 6, 8, 7)(9, 11, 12, 10)(13, 14, 15, 16)(17, 20, 19, 18)
σ6 = (1, 2, 3, 4)(5, 6, 8, 7)(9, 11, 12, 10)(13, 14, 16, 15)(17, 20, 19, 18)
σ7 = (1, 2, 3, 4)(5, 6, 8, 7)(9, 11, 12, 10)(13, 15, 14, 16)(17, 20, 19, 18)
σ8 = (1, 2, 3, 4)(5, 7, 8, 6)(9, 12, 11, 10)(13, 16, 14, 15)(17, 19, 18, 20)
σ9 = (1, 2, 3, 4)(5, 7, 6, 8)(9, 12, 10, 11)(13, 16, 15, 14)(17, 18, 20, 19)
Let us denote by D j the dessin d’enfant defined by σ j, for j = 1, . . . , 9. The dessins d’enfant D j,
for j = 1, . . . , 7, are non-uniform and those defined by σ8 and σ9 are regular. The two regular ones
have passport (45; 210; 45) and they form a chiral pair. The automorphism group is isomorphic to
Z5 ⋊ Z4 and they are defined over the same elliptic curve y
2 = x4 − 1. The dessin D5 is the only
one whose monodromy group is isomorphic to (Z4
4
⋊ A5) ⋊ Z4 (whose group of automorphisms
is Z4); this again is over the elliptic curve y
2 = x4 − 1. This dessin is reflexive and its passport
is (45; 210; 34, 8). The genus one dessin d’enfant D2 is the only with monodromy group of order
26.336.378.880.000 and it has trivial group of automorphisms. This dessin is reflexive and its
passport is (45; 210; 33, 4, 7). The other five dessins have monodromy group of order 1.857.945.600
and group of automorphisms isomorphic to Z2. The dessins D1 and D3 (respectively, by D6 and
by D7) form a chiral pair. The passport of D1 and D3 is (4
5; 210; 32, 42, 6) and the passport of D6
and D7 is (4
5; 210; 34, 8). The dessin D4 is reflexive and its passport is (4
5; 210; 32, 4, 52). All these
dessins are not dualizable (as there are vertices of odd degree).
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4.5. Example 5: The double-prism graph. Let us now consider the bipartite graph G as shown
in Figure 7 with the given enumeration of the edges. With the given enumeration,
τ = (1, 5)(2, 6)(3, 7)(4, 8)(9, 13)(10, 14)(11, 15)(12, 16)(17, 21)(18, 22)(19, 23)(20, 24)
and there are 66 choices for σ. The dessins d’enfants admitting the above bipartite graph are of
genus g ∈ {0, 1, 2, 3} and there are exactly 5946 non-isomorphic ones: two non-isomorphic dessins
of genus zero (both are dualizable), 79 of genus one (22 of them are dualizable), 1849 of genus two
(121 of them are dualizable) and 4016 of genus three (only 33 being dualizable).
Of these genus one dessins d’enfants, there are exactly 13 with passport (46; 212; 32, 42, 52), all
of them have monodromy group of order 980995276800, exactly 3 of them which are reflexive and
the others are chirals pairs. Two of these dessins, say D1 and D2 are provided by the permutations
σ1 = (1, 2, 3, 4)(5, 13, 17, 24)(6, 18, 21, 14)(7, 15, 22, 19)(8, 23, 20, 16)(9, 12, 11, 10)
σ2 = (1, 2, 4, 3)(5, 13, 17, 24)(6, 14, 18, 21)(7, 19, 22, 15)(8, 16, 20, 23)(9, 11, 10, 12)
τ1 = τ2 = (1, 5)(2, 6)(3, 7)(4, 8)(9, 13)(10, 14)(11, 15)(12, 16)(17, 21)(18, 22)(19, 23)(20, 24).
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Figure 7. The double-prism graph
Using GAP [6] one can check that both of them have isomorphic monodromy group; but, the
dessin d’enfant D1 is chiral (with group of automorphisms isomorphic to Z2) and D2 is reflexive
(with trivial group of automorphisms); so they cannot be in the same Galois orbit.
4.6. Example 6: dessins d’enfants defined by bipartite graphs with passport (33; 33). There
are, up to isomorphisms, exactly three bipartite graphs with passport (33; 33) (e = 9, α = β = 3);
these being the bipartite graphs K3,3, D3,3 andC3,3 shown in Figure 8. In each case we fix a labelling
of the black vertices as b1, b2, b3, white vertices as w1,w2,w3 and the nine edges with numbers in
{1, . . . , 9}without repeating. For each G ∈ {K3,3,D3,3,C3,3}, the cardinality of FG is 64. We proceed,
in each case, to describe all non-isomorphic dessins d’enfants whose bipartite graph is isomorphic
to G. As the black vertices have odd degree, none of the dessins admitting these bipartite graphs is
dualizable.
4.6.1. The complete bipartite graph K3,3. In this case,GK3,3  D3×D3 and θ(GK3,3) = 〈η1, η2, η3, η4〉,
where
η1 = (1, 4)(2, 5)(3, 6), η2 = (1, 4, 7)(2, 5, 8)(3, 6, 9), η3 = (1, 2)(4, 5)(7, 8), η4 = (1, 2, 3)(4, 5, 6)(7, 8, 9).
The set FK3,3/θ(GK3,3 ) has four elements, these are represented by the pairs (σ1, τ1), (σ1, τ2),
(σ2, τ1) and (σ2, τ2), where
σ1 = (1, 2, 3)(4, 5, 6)(7, 8, 9), σ2 = (1, 2, 3)(4, 5, 6)(7, 9, 8),
τ1 = (1, 4, 7)(2, 5, 8)(3, 6, 9), τ2 = (1, 4, 7)(2, 5, 8)(3, 9, 6),
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Figure 8. Bipartite graphs with passport (33; 33)
that is, there are exactly four non-isomorphic dessins d’enfant with K3,3 as bipartite graph. The
GG-orbit of (σ1, τ1) has length 4, the orbits of (σ1, τ2) and also of (σ2, τ1) have lengths 12 and that
of (σ2, τ2) has length 36. These four non-isomorphic dessins have the following properties:
(1) The dessin d’enfant with monodromy group E1 = 〈σ1, τ1〉  Z
2
3
has genus g = 1 (since
τ1σ1 = (1, 5, 9)(2, 6, 7)(3, 4, 8)), its passport is (3
3; 33; 33), its θ(GK3,3)-stabilizer is given
by the group 〈(1, 3, 2)(4, 6, 5)(7, 9, 8), (1, 7, 4)(2, 8, 5)(3, 9, 6)〉  Z2
3
(its group of automor-
phisms) and the underlying Riemann surface of genus one is defined by the Fermat curve of
degree three: x3 + y3 + z3 = 0. In this case, the group of automorphisms Z2
3
is generated by
the order three automorphisms a1[x : y : z] := [ω3x : y : z] and a2[x : y : z] := [x : ω3y : z].
This dessin is reflexive.
(2) The dessin d’enfant with monodromy group E2 = 〈σ1, τ2〉  Z
3
3
⋊ Z3 has genus g = 2
(since τ2σ1 = (1, 5, 9, 4, 8, 3, 7, 2, 6)), its passport is (3
3; 33; 9), its θ(GK3,3)-stabilizer is
〈(1, 7, 4)(2, 8, 5)(3, 9, 6)〉  Z3 (its group of automorphisms) and the underlying Riemann
surface of genus two is defined by y3 = (x − 1)(x2 + x + 1)2.
(3) The dessin d’enfant with monodromy group E3 = 〈σ2, τ1〉  Z
3
3
⋊ Z3 has genus g = 2
(since τ1σ2 = (1, 5, 7, 2, 6, 8, 3, 4, 9)), its passport is (3
3; 33; 9), its θ(GK3,3)-stabilizer is
〈(1, 3, 2)(4, 6, 5)(7, 9, 8)〉  Z3 (its group of automorphisms) and the same underlying Rie-
mann surface of genus two as above (E2 and E3 are chirals).
(4) The dessin d’enfant with monodromy group E4 = 〈σ2, τ2〉  A9 has genus g = 1 (since
τ2σ2 = (1, 5, 7, 2, 6)(3, 8)(4, 9)), its passport is (3
3; 33; 22, 5), it is non-uniform, and it has
trivial θ(GK3,3)-stabilizer (its group of automorphisms). This dessin is reflexive. As the
dessin d’enfant has trivial group of automorphisms, it can be defined over its field of moduli.
As the dessin d’enfant is unique, its field of moduli is Q. In particular, the genus one
Riemann surface it defines can be defined over Q.
Remark 12 (OnWilson’s operations). In this example there are four Wilson’s operations: H(1, 1) =
I (identity), H(1, 2),H(2, 1) and H(2, 2) = H(1, 2) ◦ H(2, 1) (each one of order two); they form a
copy of Z2
2
inside S9. This group keeps invariant FK3,3 and, moreover, keeps invariant each of the
4 GG-orbits. The action is transitive on the GG-orbit of (σ1, τ1), produces 3 orbits in each of the
GG-orbits of (σ1, τ2) and of (σ2, τ1) and produces 9 orbits in the GG-orbit of (σ2, τ2). In particular,
there are isomorphic dessins d’enfants which are not equivalent under Wilson’s operations.
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4.6.2. The bipartite graph D3,3. In this case, GD3,3  Z2 ×A4 and θ(GD3,3) = 〈η1, η2〉, where
η1 = (1, 8, 6)(2, 9, 4)(3, 7, 5), η2 = (2, 3).
The set FD3,3/θ(GD3,3 ) has four elements, these are represented by the pairs (σ, τ1), (σ, τ2), (σ, τ3)
and (σ, τ4), where
σ = (1, 2, 3)(4, 5, 6)(7, 8, 9),
τ1 = (1, 4, 5)(2, 3, 8)(6, 7, 9), τ2 = (1, 4, 5)(2, 3, 8)(6, 9, 7),
τ3 = (1, 4, 5)(2, 8, 3)(6, 7, 9), τ4 = (1, 5, 4)(2, 8, 3)(6, 9, 7)
that is, there are exactly four non-isomorphic dessins d’enfant with D3,3 as bipartite graph. The
GG-orbit of (σ, τ1) has length 24, the orbit of (σ, τ2) has length 8, the orbit of (σ, τ3) have lengths 24
and that of (σ, τ4) has length 8. These four non-isomorphic dessins have the following properties:
(1) The dessin d’enfant with monodromy group F1 = 〈σ, τ1〉  A9 has genus g = 1 (since
τ1σ = (1, 5, 2)(3, 9, 4, 6, 8)(7)), its passport is (3
3; 33; 1, 3, 5) and its θ(GD3,3)-stabilizer is
trivial (its group of automorphisms).
(2) The dessin d’enfant with monodromy group F2 = 〈σ, τ2〉  Z
2
3
⋊ Z3 has genus g = 1
(since τ2σ = (1, 5, 2)(3, 9, 8)(4, 6, 7)), its passport is (3
3; 33; 33) and its θ(GD3,3)-stabilizer
〈(1, 8, 6)(2, 9, 4)(3, 7, 5)〉  Z3 (its group of automorphisms).
(3) The dessin d’enfant with monodromy group F3 = 〈σ, τ3〉  A9 has genus g = 1 (since
τ3σ = (1, 5, 2, 9, 4, 6, 8)(3)(7)), its passport is (3
3; 33; 12, 7) and its θ(GD3,3)-stabilizer is
trivial (its group of automorphisms).
(4) The dessin d’enfant with monodromy group F4 = 〈σ, τ4〉  Z
2
3
⋊ Z3 has genus g = 0 (since
τ4σ = (1, 6, 8)(2, 7, 4)(3)(5)(9)), its passport is (3
3; 33; 13, 32) and its θ(GD3,3)-stabilizer
〈(1, 8, 6)(2, 7, 5)(3, 9, 4))〉  Z3 (its group of automorphisms).
All these dessins are reflexive.
4.6.3. The bipartite graph C3,3. In this case, GC3,3  D8 and θ(GC3,3 ) = 〈η1, η2〉, where
η1 = (4, 6)(3, 7)(1, 8)(2, 9), η2 = (1, 2).
The set FC3,3/θ(GC3,3 ) has eight elements, these are represented by the pairs (σ, τ1), (σ, τ2),
(σ, τ3), (σ, τ4), (σ, τ5), (σ, τ6), (σ, τ7) and (σ, τ8), where
σ = (1, 2, 3)(4, 5, 6)(7, 8, 9),
τ1 = (1, 2, 4)(3, 5, 7)(6, 8, 9), τ2 = (1, 2, 4)(3, 5, 7)(6, 9, 8),
τ3 = (1, 2, 4)(3, 7, 5)(6, 8, 9), τ4 = (1, 2, 4)(3, 7, 5)(6, 9, 8)
τ5 = (1, 4, 2)(3, 5, 7)(6, 8, 9), τ6 = (1, 4, 2)(3, 5, 7)(6, 9, 8),
τ7 = (1, 4, 2)(3, 7, 5)(6, 9, 8), τ8 = (1, 4, 2)(3, 7, 5)(6, 8, 9)
that is, there are exactly eight non-isomorphic dessins d’enfant withC3,3 as bipartite graph. TheGG-
orbit of each (σ, τ j) has length 8. These eight non-isomorphic dessins have the following properties:
(1) The dessin d’enfant with monodromy group G1 = 〈σ, τ1〉  ((Z3 × (Z
2
3
⋊Z2))⋊Z2)⋊Z3 has
genus g = 2 (since τ1σ = (1, 3, 6, 9, 4, 2, 5, 8, 7)), its passport is (3
3; 33; 9) and its θ(GC3,3 )-
stabilizer is trivial (its group of automorphisms). This dessin is reflexive.
(2) The dessin d’enfant with monodromy group G2 = 〈σ, τ2〉  (Z
2
3
⋊Q8) ⋊ Z3 has genus g = 1
(since τ2σ = (1, 3, 6, 7)(2, 5, 8, 4)(9)), its passport is (3
3; 33; 1, 42) and its θ(GC3,3 )-stabilizer
is trivial (its group of automorphisms). This dessin is chiral to the one defined by G5.
(3) The dessin d’enfant with monodromy group G3 = 〈σ, τ3〉  PSL2(8) has genus g = 2 (since
τ3σ = (1, 3, 8, 7, 6, 9, 4, 2, 5)), its passport is (3
3; 33; 9) and its θ(GC3,3 )-stabilizer is trivial
(its group of automorphisms). This dessin is reflexive.
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(4) The dessin d’enfant with monodromy group G4 = 〈σ, τ4〉  (Z
2
3
⋊ Q8) ⋊ Z3 has genus
g = 1 (since τ4σ = (1, 3, 8, 4, 2, 5)(6, 7)(9)), its passport is (3
3; 33; 1, 2, 6) and its θ(GC3,3 )-
stabilizer is trivial (its group of automorphisms). This dessin is reflexive.
(5) The dessin d’enfant with monodromy group G5 = 〈σ, τ5〉  (Z
2
3
⋊Q8) ⋊ Z3 has genus g = 1
(since τ5σ = (1, 5, 8, 7)(3, 6, 9, 4)(2)), its passport is (3
3; 33; 1, 42) and its θ(GC3,3 )-stabilizer
is trivial (its group of automorphisms). This dessin is chiral to the one defined by G2.
(6) The dessin d’enfant with monodromy group G6 = 〈σ, τ6〉  PSL2(8) has genus g = 1
(since τ6σ = (1, 5, 8, 4, 3, 6, 7)(2)(9)), its passport is (3
3; 33; 12, 7) and its θ(GC3,3 )-stabilizer
is trivial (its group of automorphisms). This dessin is reflexive.
(7) The dessin d’enfant with monodromy group G7 = 〈σ, τ7〉  ((Z3 × (Z
2
3
⋊Z2))⋊Z2)⋊Z3 has
genus g = 0 (since τ7σ = (1, 5)(3, 8, 4)(6, 7)(2)(9)), its passport is (3
3; 33; 12, 22, 3) and its
θ(GC3,3 )-stabilizer is trivial (its group of automorphisms). This dessin is reflexive.
(8) The dessin d’enfant with monodromy group G8 = 〈σ, τ8〉  (Z
2
3
⋊ Q8) ⋊ Z3 has genus
g = 1 (since τ8σ = (1, 5)(3, 8, 7, 6, 9, 4)(2)), its passport is (3
3; 33; 1, 2, 6) and its θ(GC3,3 )-
stabilizer is trivial (its group of automorphisms). This dessin is reflexive.
4.6.4. Table 1 summarizes all the above. We may see the following facts.
(1) There are exactly two non-isomorphic genus zero dessins d’enfants whose bipartite graphs
have passport (33; 33); so each one has field of moduli Q. For instance, the one correspond-
ing to D3,3 has Belyi map
B(z) =
(z3 − 1)3
3(ω3 − 1)z3(z3 − (ω3 + 1))
where ω3 = e
2πi/3 (so it is defined over the extension of degree two Q(ω3)). If σ(ω3) = ω
2
3
,
then
B
σ = B ◦ T, T (z) = 1/z.
In this way, noticing that {I, T } is a Weil’s co-cycle with respect to the Galois extension
Q(ω3)/Q, we may see that this dessin d’enfant is in fact definable over Q.
(2) There are nine non-isomorphic genus one dessins d’enfants whose bipartite graphs have
passport (33; 33). With the exceptions of those with monodromy group G2, G4, G5 and G8,
each of them has field of moduli Q. The two dessins G2 and G5 (respectively, G4 and G8)
form a Galois orbit and they are chirals.
(3) There are three genus two dessins d’enfants, up to strong-isomorphisms, whose bipartite
graphs have passport (33; 33), all of them with field of moduli Q and reflexive.
(4) All those dessins in Table 1 with trivial group of automorphisms together the regular one
are definable over their field of moduli.
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